The problem of stability of the triangular libration points in the planar circular restricted three-body problem is considered. An especially designed software package, intended for normalization of autonomous Hamiltonian systems by means of computer algebra, is used to obtain normal forms of the Hamiltonian in the given problem. The normalization is carried out up to the 6th order of expansion of the Hamiltonian in the coordinates and momenta. Analytical expressions for the coefficients of the normal form of the 6th order are derived. Though intermediary expressions occupy gigabytes of the computer memory, the obtained coefficients of the normal form are compact enough for presentation in typographic format. An analogue of the Deprit formula for the stability criterion is derived in the 6th order of normalization. This closes the long history of the stability analysis in the given problem completely. The attaining of this technical result has required development of intricate software as well as employing computing resources that became available only recently.
Introduction
In 1772 Lagrange [10] discovered a periodic solution of the general threebody problem (TBP), in which the bodies are situated at the apices of an equilateral triangle and each body moves in a Keplerian orbit about the center of mass of the system. In the circular restricted TBP, these periodic solutions correspond to the triangular libration points.
Gascheau [7] found the necessary condition for the stability of the Lagrange periodic solutions in the general TBP:
where m 1 , m 2 , m 3 are the masses of the bodies. In the circular restricted TBP this condition reduces to the form
or, equivalently, 0 < µ < µ * = 9 − 69 1/2 18 = 0.0385 . . . ,
where µ = m 2 /(m 1 + m 2 ), m 2 < m 1 , m 3 = 0. Leontovich [11] proved that, in the planar circular restricted TBP, the triangular libration points were stable for all µ values satisfying condition (2) but a set of values of measure zero. Deprit and Deprit-Bartholomé [6] proved that this exceptional set consisted of only three points. For these three points µ 1 = 0.0242 . . ., µ 2 = 0.0135 . . ., and µ 3 = 0.0109 . . . the stability problem remained unsolved at that time.
The µ 1 and µ 2 values correspond to the resonances 2:1 and 3:1 between the frequencies of the linearized system describing the motion in the neighborhood of the libration points. The µ 3 value correspond to a case when a specific algebraic combination of the coefficients of the normal form of the 4th order and the system frequencies is equal to zero. This expression is the determinant of a matrix whose elements are formed by derivatives of the normalized Hamiltonian by the action-like variables. In the general case of an arbitrary µ value, the determinant is usually expressed as a function of the linearized system frequencies, which, in their turn, can be expressed through µ. Henceforth we call this expression for the determinant, derived by Deprit and Deprit-Bartholomé [6] for the given problem, the Deprit formula. In the notation adopted henceforth, it looks as follows [6] :
16(4γ 2 − 1)(25γ 2 − 4) ,
where γ = ω 1 ω 2 , and ω 1 and ω 2 are the frequencies. Markeev [12, 13] performed approximate floating point computations of the coefficients of the normal forms for the resonant values of µ, i.e., µ 1 and µ 2 , and for the non-resonant µ = µ 3 case. He proved that the system was unstable in the first two cases, and stable in the third case.
Sokolsky [20] derived an advanced normal form in the critical case, i.e., for the mass ratio µ * , and by evaluating the normal form coefficients in approximate floating point computations proved that the system was formally stable in this case.
Exact numeric expressions for the coefficients of the resonant normal forms were obtained only in the beginning of nineties [21, 18] , when a specialized computer algebra package realizing accomplishment of analytical procedures necessary for normalization of autonomous Hamiltonian systems in analytical form was developed. In both resonant cases the exact numeric expressions of the coefficients of the normal forms completely agreed with Markeev's approximate results to their accuracy (the latter results had been stated in [12, 13, 14] with the accuracy of 3 ÷ 4 significant digits). However, only the expression for the most complicated case, that of the 3:1 resonance, corresponding to the µ 2 mass ratio, was published [21, 18] , as an example of application of the software package. Note that this resonant value µ 2 = 0.0135 . . . is close to the µ value in the Earth-Moon system, µ Earth−M oon = 0.0121 . . ..
Recently Bruno and Petrov [3] performed symbolic computations of the normal forms for the resonances 2:1 and 3:1 and for the critical mass ratio µ * . In the first two cases the obtained exact numeric expressions of the coefficients of the normal forms completely agreed with Markeev's [12, 13, 14] results to the accuracy of his computations. In what concerns the critical case, a significant (by an order of magnitude) disagreement was found with Sokolsky's [20] approximate results; though the final theoretical inference on the stability in this case remained unchanged, due to the fact that the sign of the coefficient was correct. We should note that one of the reasons for this discrepancy might be a severe loss of accuracy in the cumbersome floating-point computations.
Bruno and Petrov [3] also performed floating point computations of the coefficients of the normal forms for the non-resonant µ = µ 3 case and found agreement with Markeev's [12, 14] results.
So, the non-resonant µ = µ 3 case has yet lacked exhausting analytical treatment: the values of the normal form coefficients were obtained solely in the floating-point arithmetic. In this context one should underline that a computer-assisted proof of any inference cannot be considered closed until the exact numeric data necessary for the proof are obtained. Floating-point computations might be subject to severe loss of accuracy, especially in such a problem as normalization where cumbersome recurrent procedures are employed.
In this quite a technical paper, analytical expressions for the non-resonant normal form coefficients and an analogue of the Deprit formula for the stability criterion in the 6th order of normalization are derived. This closes the analytical treatment of the problem of stability in the µ = µ 3 case (and therefore the whole problem) completely. In other words, this technical result represents a "finishing touch" in the long history of the analysis of stability of the triangular libration points in the circular RTBP. The attaining of this result has required development of intricate software as well as application of computing resources which became available only recently.
Normal forms
Analysis of the local properties of the solutions of a Hamiltonian system can be accomplished by the method of normal forms. The method allows one to find the approximate general solutions in the neighborhood of the points of equilibria as well as to analyze the motion stability. The complete procedure of normalization of an autonomous Hamiltonian system in the neighborhood of a point of equilibrium implies expansion of the Hamiltonian in the power series of the canonical variables, linear normalization of the system, and its nonlinear normalization.
We assume that the roots of the characteristic equation of the linearized autonomous Hamiltonian system are exclusively imaginary, and that the resonances up to the second order inclusive are absent, i.e., there are no zero or equal frequencies of the system. Then the quadratic part of the Hamiltonian can be transformed to the normal form [1, 2, 14] :
where q k and p k are the coordinate and momentum variables, N is the number of degrees of freedom,
The positive constants ω k = |λ k | are the frequencies of the linearized system at the point of equilibrium.
In the non-resonant case (i.e., when the frequencies ω k are incommensurate with each other up to the resonance order M), via the "polar" canonical change of variables
where k = 1, . . . , N, the Hamiltonian normalized up to an arbitrary order M of the Taylor expansion is expressed through the variables r k only. The Birkhoff normal form [1, 2, 14] of order M is given by the following expression:
where [M/2] is the round part of M/2. The coefficients c ℓ 1 ,...,ℓ N are invariants of the Hamiltonian with respect to the choice of the normalizing transformation. The Hamiltonian normalized up to the order M has the form
, where h (≥M +1) are the terms of degree M +1 and higher in relation to the variables q k , p k , or, equivalently, h (≥M +1) are the terms of degree [M/2]+1 and higher in relation to the variables r k . When resonances are present, the normal forms contain also angle variables in resonant combinations [14, 15] .
Algorithms and computation methods
In the beginning of nineties the specialized computer algebra package "Norma" [21, 22, 18] was developed for performing all analytical procedures necessary for normalization of autonomous Hamiltonian systems in analytical form. The programs were written in the language of the REDUCE [8] computer algebra system. The package allows one to accomplish expansion of the initial Hamiltonian in power series, linear normalization of the system, and its nonlinear normalization.
It is assumed that the roots of the characteristic equation of the linearized system are exclusively imaginary, and that the resonances up to the second order inclusive are absent, i.e., there are no zero or equal frequencies of the system. Then the quadratic part of the Hamiltonian is reduced to the normal form (5) .
The basis of the algorithm of linear normalization consists in analytical calculation of the eigenvectors of the matrix of the linearized system. In the package programs, they are computed by means of calculation of the matrix adjoint to the characteristic one. This approach provides the capability to find the simplest (in the analytical sense) version of the formulae of linear normalization.
The nonlinear normalization is accomplished by the Deprit-Hori method [5, 9] in the Mersman modification [16] . The number of degrees of freedom and the order of normalization are arbitrary. The coefficients of the initial Hamiltonian can be set numeric (in exact representation) or symbolic. The formulae of the direct normalizing canonical transformation of the variables and those of the inverse transformation are computed by means of programs implementing the procedure of the Lie transformation. The program of nonlinear normalization computes the normalized Hamiltonian and the generating function of the normalizing transformation. The normalizing transformation of the canonical variables is calculated as the Lie transformation with the generator equal to the newly found generating function.
Thus by means of the programs of the described package one can find the Taylor expansion of the Hamiltonian, then normalize the quadratic part of this expansion (i.e., accomplish linear normalization of the system), and, finally, normalize the expansion up to the required order (i.e., accomplish nonlinear normalization). This is the general scheme. Detailed descriptions of the "Norma" algorithms and programs are given in [21, 22, 18] .
The application of the "Norma" package to analysis of the motion near the triangular libration points in the planar circular RTBP provided an opportunity to obtain the analytically simplest formulae of linear normalization [22] and the resonant normal forms up to the 4th order of the Hamiltonian expansion [21, 18] (see Introduction). Application [24] of the normalization package "NF" written in the Maple computer algebra system to the given problem produced practically the same results.
The "Norma" and "NF" packages did not allow one to perform normalization in the non-resonant case of the given problem in the 5th and 6th orders of the Hamiltonian expansion due to high memory consumption: the increase in memory load at critical stages of the computation was too sharp, because the time uniformity in memory consumption had not yet been algorithmically accomplished. Such uniformity can be achieved mainly by means of employing the "reinitialization" procedure (see below), pertinent choice of routines of simplification of analytical expressions, excessive parametrization, and combinations of these methods.
Attaining the 6th order of normalization in the given problem is the subject of the current paper. A new software package has been developed for this goal. The programs of the package have been written in the language of the Maple computer algebra system [4] . All computations have been performed in the Maple system release 9.5.
The programs of the package are intended for normalization of a Hamiltonian system in the same assumptions on the kind of the Hamiltonian as in the case of the "Norma" package. As in the latter case, the Deprit-Hori method [5, 9, 16, 15] , based on the Lie transformations, is applied for carrying out the nonlinear normalization.
The employed normalization procedure is non-recurrent: the formulae of normalization are programmed explicitly in each order of normalization. This approach abandons the necessity to store the voluminous arrays of auxiliary analytical expressions. The calculation of the auxiliary polynomials G i , whose monomial analysis determines the homogeneous components K i of the normalized Hamiltonian K and the homogeneous components S i of the generating function S (see [21, 18] ), and whose analytical computation involves much of the total memory consumption, is accomplished by the following formulae, given in [15] :
where the Lie differential operator with the generator S is defined by the relations Apart from the tools decreasing the total memory load, an effective method of minimizing the peak memory consumption is to make the memory load more uniform in time. This is achieved by using the reinitialization procedure for the coefficients of the polynomials in work. The reinitialization procedure was proposed and described in [23] . The use of the reinitialization at key stages of the algorithm allows one to solve computer-algebraic problems of high levels of analytical complexity. The economy of the computer memory is attained due to redistribution of memory load in time.
The general procedure of reinitialization of the coefficients of any polynomial at a memory-consuming step of the algorithm of normalization consists in creation of a file containing the coefficients of the given polynomial in analytical form, temporary storing this file, while analytical operations with the given polynomial with the undefined coefficients are carried out, and subsequent resubstitution of the stored expressions for the coefficients in the resulting expression. Only then the monomial simplification of the resulting expression is accomplished. In the package, the reinitialization is performed for the coefficients of the homogeneous components of the Hamiltonian and the generating function directly before the calculation of the polynomials G i . Right after the calculation, the resubstitution and the monomial simplification are carried out.
The package consists of three basic parts. The first part contains programs for obtaining the expansion of the Hamiltonian in Taylor series. The file with the initial data contains a number of degrees of freedom, an order of expansion, and a Hamiltonian as a function of the coordinate and momentum variables, q and p. The procedure carries out expansion of the Hamiltonian in Taylor series with the maximal economy of memory, by an algorithm described in [22] . In result, a file containing the expansion of the Hamiltonian is created.
The second part of the package is intended for transforming the Hamiltonian to the linearly normalized form. However, the package does not contain a procedure of linear normalization itself. Linear normalization can be carried out with the help of the "Norma" package. Using the "Norma" output file containing the linear normalizing transformation, the substitutions in all components of the expansion of the initial Hamiltonian are carried out and subsequent monomial simplification is accomplished. In result, the file with the linearly normalized Hamiltonian is created.
The third part of the package contains procedures necessary for nonlinear normalization of the Hamiltonian up to the 6th order in the coordinate and momenta variables. The library contains the following procedures: (a) procedures for calculating the Poisson brackets employing various ways of simplification of the expressions; these ways can be varied depending on the considered problem; (b) a procedure for reinitialization of the coefficients of polynomials; (c) procedures for allocation of the monomials for inclusion in the generating function, the non-resonant and resonant parts of the Hamiltonian; (d) a basic procedure of normalization in the given order. This part of the package produces a file with the components S i of the generating function and the components K i of the normalized Hamiltonian.
An analogue of the Deprit formula
Now we apply the procedure of normalization in a study of the problem of stability of the triangular libration points in the planar circular RTBP. Consider the non-resonant case (i.e., the frequencies ω k are incommensurate with each other to the high enough resonance order) of the motion close to the triangular libration point L 4 in the planar circular RTBP. The dynamical system has two degrees of freedom. The libration point L 4 is located at the origin of the rotating reference frame. One of the axes of the frame is directed towards the planet. The derivation of the Hamiltonian system of the differential equations describing the motion is described in detail in [14] . The expansion of the Hamiltonian up to the 6th order has the form [14] : momenta in the chosen frames), and the constant denoted by k is k = 3 · 3 1/2 (1 − 2µ)/4. We could as well expand the initial Hamiltonian by means of our package and obtain the identical formula in seconds. The coefficients can be parameterized through one of the frequencies of the linearized system by means of the formulae
which can be easily deduced from basic relations given in [14] . In the procedures of normalization, however, it is usually pertinent to retain an excessive parametrization, in order to avoid emergence of cumbersome radicals. This is an important auxiliary tool to minimize the memory load. We linearly normalize the Hamiltonian and create a file with the initial data for the subsequent nonlinear normalization. The file contains the number of degrees of freedom (equal to two), the order of normalization (equal to six), and the linearly normalized Hamiltonian.
The program of nonlinear normalization produces the normalized Hamiltonian. The 4th order homogeneous component K 4 of the obtained normal form K (4) has the form
The variables r 1 , r 2 are introduced by formulae (6). The determinant
is then
where γ = ω 1 ω 2 . This expression is identical to the formula obtained by Deprit and Deprit-Bartholomé [6] .
In the next steps we obtain the normal forms of the 5th and 6th orders. According to formula (7), the general expression for 6th order homogeneous component K 6 of the normal form K (6) is
In view of immense computer memory consumption in the calculations, the final expressions have been computed individually for each term of the normal form. The peak memory load during the computation of the terms with the coefficients c 30 and c 03 (the terms which are "homogeneous" with respect to the kind of the variables) reached ≈ 0.9 GByte, and in the case of the "mixed" terms (those with the coefficients c 21 and c 12 ) it reached ≈ 1.3 GByte. However, the resulting coefficients are quite compact: 5 /ω 2 /(10ω 
In the 6th order of normalization, the determinant D 6 is given by the general expression D 6 = c 30 ω [12, 14] . Substi-tuting for the values of the coefficients and frequencies, one has the Deprit formula analogue in this order of normalization:
Now consider a particular case of the planar circular RTBP, namely, the case when the ratio of masses of the main gravitating bodies µ = µ 3 . The corresponding value of γ is found by equating the numerator of the Deprit formula (12) to zero and solving the quadratic equation. This gives
Then, the determinant (18) in exact numeric representation simplifies to
and in numeric form with fixed precision
The frequencies in the µ = µ 3 case and the mass ratio itself are evaluated to
We substitute the frequencies in the coefficients c 30 , c 21 , c 12 , c 03 , and evaluate the coefficients in numeric form with fixed precision: Note that the exact numeric value of D 6 , given by formula (20) , is evidently nonzero; hence, Markeev's theorem [12, 14] can be straightforwardly applied to infer that the motion is stable. Evaluation of (20) to a number with fixed precision is not necessary.
It is interesting that the big number 41876715371 in formula (20) is prime, and 15711930947857 factors only in two prime numbers, 2317052197 and 6781.
Intermediary analytical expressions in the procedure of nonlinear normalization occupy gigabytes of the main memory, but the final expressions, Eqs. (14)- (18) and (20) , are compact enough to be presented, as it has been just shown, in typographic format. In view of the immense computer memory consumption, the obtained analogue (18) of the Deprit formula and its exact numeric evaluation (20) might well be the formulae with the most cumbersome derivation amongst the compact analytical and exact numeric expressions ever derived.
Of course, there might be ways of derivation of these formulae with much less memory consumption. E.g., this problem represents a promising field of application for the so-called method of numeric deduction of analytical expressions [19, 17] . In brief, the method consists in exact numeric calculation of a derived expression on a set of simple (rational) values of the parameters and in subsequent "restoration" of the expression.
Conclusions
The problem of stability of the triangular libration points in the planar circular restricted three-body problem has been considered. An especially designed software package, intended for normalization of autonomous Hamiltonian systems by means of computer algebra, has been used to obtain normal forms of the Hamiltonian. The normalization has been carried out up to the 6th order of expansion of the Hamiltonian in the coordinates and momenta. Analytical expressions for the coefficients of the normal form have been derived. Though intermediary expressions occupy gigabytes of the computer memory, the obtained coefficients of the normal form are compact enough for presentation in the typographic format (Eqs. (14)- (17)). An analogue of the Deprit formula for the stability criterion has been derived in the 6th order of normalization (Eq. (18)). This represents a "finishing touch" in the long history of the stability analysis in the given problem. The attaining of this result has required development of intricate software as well as application of computing resources that became available only recently.
In view of the immense computer memory consumption, the obtained Deprit formula analogue (Eq. (18)) and its exact numeric evaluation in the µ = µ 3 case (Eq. (20) ) might well be the formulae with the most cumbersome derivation amongst the compact analytical and exact numeric expressions ever derived.
